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a  b  s  t r  a  c  t

This  study  aims  to  provide  metrics  and design  rules for  hybrid  pseudocapacitors  consisting  of  a transi-
tion  metal  oxide  pseudocapacitive  electrode  and  an inert  carbon  electrode  with  asymmetric  and  binary
electrolyte.  Hybrid  pseudocapacitors  are  often  limited  by intercalation  of  Li+ ions  in the  pseudocapac-
itive  electrode.  Then,  during  cyclic  voltammetry,  only  a portion  of  the  potential  window  is dominated
by  faradaic  current  while  the  electric  double  layer  (EDL)  formation  and  dissolution  dominate  the rest.
However,  faradaic  reactions  result  in  a significantly  larger  current  magnitude  and  capacitance  than  EDL
charge storage.  Hence,  it is  beneficial  to extend  the  fraction  of  the potential  window  dominated  by the
faradaic  current.  This  fraction  increases  with  a combination  of  thinner  pseudocapacitive  electrode,  faster
intercalation,  and  slower  scan  rate. To  study  the  interplay  between  these  variables,  a scaling  analysis  was
performed  to  identify  the  relevant  dimensionless  similarity  parameters  governing  Li+ transport  and  inter-

calation  in  the pseudocapacitive  electrode.  The  fraction  of  the  potential  window  dominated  by faradaic
reactions  was  a unique  function  of  a dimensionless  parameter  �f accounting  for  the respective  contrib-
utions  of  the  electrode  thickness,  Li+ diffusion  coefficient,  and  scan  rate.  Above  a  critical  value  of  �f,
the faradaic  current  dominated  the  entire  potential  window.  Then,  the  device  was no  longer  limited  by
intercalation  in  the electrode  and  the  performance  of the  electrode  was  maximal.

© 2015  Elsevier  Ltd. All  rights  reserved.
. Introduction

Electrochemical capacitors are promising devices for electrical
nergy storage in particular for high power application because
f their very large power density compared with batteries [1–3].
hey are usually classified as either electric double layer capac-
tors (EDLCs) or pseudocapacitors. EDLCs store charge physically
ia the formation of an electric double layer (EDL) at the interface
etween the electrode and the electrolyte [1–3]. This phenomenon

nvolves the fast diffusion of ions in the electrolyte responsible
or their high power density. However, EDLCs have relatively low
nergy density compared with batteries. By contrast, pseudocapac-
tors can store charge not only via the formation of an EDL but also
ia reversible oxidation-reduction (redox) reactions with fast inser-
ion of the reaction products in the electrode [1,3–6]. Because the

lectrical energy is stored chemically in the volume of the electrode,
seudocapacitors tend to feature larger energy density than EDLCs.
hey also maintain high power density as the behavior of the cell

∗ Corresponding author. Tel.: +1 (310) 206-5598; fax: +1 (310) 206 2302.
E-mail address: pilon@seas.ucla.edu (L. Pilon).

ttp://dx.doi.org/10.1016/j.electacta.2015.09.070
013-4686/© 2015 Elsevier Ltd. All rights reserved.
is typically capacitive even though the charge storage mechanism
is faradaic [6]. Finally, hybrid pseudocapacitors combine a pseu-
docapacitive electrode, typically made of transition metal oxide,
providing high energy density, and an EDLC-type electrode, made
of carbon, enabling large power density [2,7–11]. For this reason,
hybrid pseudocapacitors have been extensively studied both exper-
imentally [2,7–11,6] and numerically [12–21].

Optimizing the pseudocapacitive electrode in hybrid pseudoca-
pacitors is made difficult by the numerous interdependent physical
phenomena involved. Indeed, thicker electrodes offer more volume
to store charge but the typically low electrical conductivity of tran-
sition metal oxides is responsible for a potential drop across the
electrode that limits the thickness that can be used in practice.
In addition, the relatively small solid-state diffusion coefficient
associated with intercalation inside the electrode also limits the
performance of the electrode, in particular for fast cycling or high
power applications. Moreover, it is very challenging to discrim-
inate experimentally the contribution to charge storage of the

faradaic reactions from that of the EDL formation. However, this
can be achieved through numerical simulations [22]. In fact, it has
been established numerically that hybrid pseudocapacitors fea-
ture two  asymptotic regimes: a faradaic and a capacitive regime.

dx.doi.org/10.1016/j.electacta.2015.09.070
http://www.sciencedirect.com/science/journal/00134686
http://www.elsevier.com/locate/electacta
http://crossmark.crossref.org/dialog/?doi=10.1016/j.electacta.2015.09.070&domain=pdf
mailto:pilon@seas.ucla.edu
dx.doi.org/10.1016/j.electacta.2015.09.070
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Nomenclature

a effective ion diameter (nm)
ci concentration of ion species i (mol/L)
ci,max maximum ion concentration, ci,max = 1/NAa3

i
(mol/L)

c1,P concentration of intercalated Li+ (mol/L)
c1,P,max maximum concentration of intercalated Li+,

c1,C,max = m �/M (mol/L)
Di diffusion coefficient of ion species i in the electrolyte

(m2/s)
D1,P diffusion coefficient of intercalated Li+ (m2/s)
e elementary charge, e = 1.602 × 10−19 C
F faraday constant, F = eNA = 9.648 × 104 C mol−1

H stern layer thickness (nm)
jC capacitive current density (A/m2)
jF faradaic current density (A/m2)
jT total current density (A/m2)
k0 reaction rate in Equation (20) (m2.5mol−0.5s−1)
L half of interelectrode distance (nm)
LC thickness of the carbon electrode (nm)
LP thickness of the pseudocapacitive electrode (nm)
m stoichiometric number of intercalated lithium,

LimMpOq

M molecular weight of the fully intercalated pseudo-
capacitive electrode (g/mol)

n cycle number
NA Avogadro constant, NA = 6.022 × 1023 mol−1

Ni ion flux of species i (mol m−2s−1)
Rf faradaic fraction defined as � f/� s

Ru universal gas constant, Ru = 8.314 J mol−1K−1

T local temperature (K)
t time (s)
v scan rate of the cyclic voltammetry (V/s)
x location in one-dimensional space (�m)
zi ion valency

Greek symbols
˛  transfer coefficient in Equation (20)
�0 vacuum permittivity, �0 = 8.854 × 10−12 F m−1

�r relative permittivity of electrolyte
� eq equilibrium potential difference (V)
� f faradaic potential window defined as  f −  min (V)
� H potential drop across the Stern layer (V)
� s potential window (V)
�D Debye length (m)
� overpotential, � = � H − � eq (V)
� density of the fully intercalated pseudocapacitive

electrode (kg/m3)
	C electrical conductivity of the carbon electrode (S/m)
	P electrical conductivity of the pseudocapacitive elec-

trode (S/m)

CV cycle period (s)

d diffusion time scale across the EDL, 
d = �2

d
/D1 (s)


th thermal potential, 
th = RuT/z1F (s)
  local electric potential (V)
 f potential associated with the Li+ starvation (V)
 s imposed cell potential (V)

Superscripts and subscripts

* refers to dimensionless variable
∞ refers to bulk electrolyte

i refers to ion species i
C refers to the carbon electrode
P refers to the pseudocapacitive electrode
 Acta 182 (2015) 639–651

The first is dominated by charge storage via faradaic reactions while
the second is dominated by EDL formation albeit with smaller cur-
rent density.

Numerical simulations can also be used to identify the condi-
tions that maximize the faradaic contribution leading to larger total
current densities and areal capacitance. Several models for pseu-
docapacitors have been developed based on equivalent RC circuit
models [23–25], molecular dynamics simulations [26–30], and con-
tinuum modeling [12–21]. In particular, the Generalized Modified
Poisson-Nernst-Planck (GMPNP) model accounts simultaneously
for EDL formation by electromigration of an arbitrary number of
ions with different finite sizes, valencies and diffusion coefficients.
It has been used along with models for redox reactions and insertion
of the reaction product to predict trends and to provide physical
interpretation in hybrid pseudocapacitors [22]. In particular, Li+

starvation at the electrode/electrolyte interface was shown to be
responsible for the transition from the faradaic to the capacitive
regime. This transition also corresponded to the drop in b-value
often observed experimentally [31–33]. Indeed, up to that point,
the faradaic reaction consumed Li+ accumulated at the surface and
was therefore diffusion-independent. In this case, the device had a
capacitive behavior and the b-value was  unity. After Li+ starvation,
however, Li+ ions had to diffuse from the inner electrode to reach
the reaction front at the electrode/electrolyte interface. Then, the
faradaic reaction was diffusion-controlled and the b-value was less
than one [22].

Scaling analysis is a powerful tool used to simplify complex
models and to reduce the number of variables by non-
dimensionalizing the governing equations and the initial and
boundary conditions. This process typically leads to the introduc-
tion of dimensionless numbers or similarity parameters comparing
competing physical phenomena. It can also be used to identify
different regimes of operation and to uncover scaling laws or cor-
relations governing the evolution of various parameters of interest.
These correlations can then be used to design or to operate a device
in the most favorable regime. For example, Wang and co-workers
[34,35] identified a criteria for the transition between diffusion-
limited and diffusion-independent regimes in cyclic voltammetry
for EDLCs with binary symmetric [34] and asymmetric electrolyte
[35]. They also performed scaling analysis to identify a self-similar
behavior for the EDL capacitance for EDLCs with binary and sym-
metric electrolytes under equilibrium conditions [34]. They then
derived a correlation relating the electrode capacitance to the aver-
age pore size and electrolyte properties from experimental data for
a wide range of porous carbon electrode morphologies [34].

The objective of this study is to derive design rules for
pseudocapacitive electrodes in order to ensure that the hybrid
pseudocapacitor operates exclusively in the faradaic regime. To do
so, dimensional analysis of the continuum model recently devel-
oped - to simulate hybrid pseudocapacitors subjected to cyclic
voltammetry [22] - was performed to capture the combined effects
of electrode thickness, diffusion coefficient for intercalation, and
scan rate.

2. Analysis

2.1. Schematics and Assumptions

Figure 1 shows the schematic of the one-dimensional (1D)
hybrid pseudocapacitor simulated as well as the computational
domain and the associated coordinate system. The origin was
located at the midplane of the cell. The device consisted of two

planar electrodes separated by an electrolyte. The pseudocapaci-
tive electrode had a thickness LP and was made of transition metal
oxide MpOq. The carbon electrode thickness was LC. The electrolyte,
of thickness 2L, consisted of LiClO4 salt in propylene carbonate (PC)
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ig. 1. Schematic of one-dimensional hybrid supercapacitor consisting of a pseudo
ncloses  the computational domain considered.

olvent. It was further divided in three domains: a Stern layer of
hickness H near each electrode and a diffuse layer. There was no
ree charge in the Stern layer and its thickness corresponded to
he distance of closest approach of the ions to the electrode. In the
iffuse layer, ions were mobile under the effects of electrodiffusion
nd steric repulsion. At the interface between the pseudocapacitive
lectrode and the electrolyte, the following reaction was assumed
o take place [32,6]

Li+ + MpOq + me− � LimMpOq. (1)

To make the problem mathematically tractable, the following
ssumptions were made: (1) the electrodiffusion of all species
as treated as one-dimensional. (2) The Stern layer thickness was

pproximated as the radius of the largest solvated ion [35–37]. In
ractice, the ions may  lose part of their solvation shell near the
lectrode. However, to the best of our knowledge, no quantita-
ive model exists to account for this phenomenon. (3) The diffusion
oefficients of all ion species in the electrolyte were independent
f their respective concentrations. Their values corresponded to
hose of dilute solutions. Note that in reality the diffusion coeffi-
ient of ions varies with concentration. However, when reported,
his variation did not exceed 40% and the effect on the current
esponse was found to be negligible [22,38]. (4) The temperature
as constant and uniform throughout the device. (5) Advection of

he electrolyte was negligible. (6) The redox reaction was  heteroge-
eous and occurred at the pseudocapacitive electrode/electrolyte

nterface [37]. (7) Li+ ion insertion (or intercalation) in the pseu-
ocapacitive electrode was treated as a diffusion process. (8) The
edox material did not undergo any phase transition. This assump-
ion is consistent with experimental observations even for thick
b2O5 electrodes [39]. (9) Ion adsorption due to non-electrostatic

orces was assumed to be negligible. (10) The current collectors
ere assumed to be perfect conductors such that the potential drop

cross them was negligible. (11) The relative permittivity of the
lectrolyte �r was taken as constant and independent of the elec-
ric field. This simplification was necessary to be able to perform
imensional analysis of the governing equations.

.2. Generalized Modified Poisson-Nernst-Planck (GMPNP) Model
ith Faradaic Reactions
The model used in this study was described in Equations (4)
o (22) of Ref. [22] and need not be repeated. It accounts simulta-
eously for (i) charge transport in the electrodes and electrolyte,
ii) formation and dissolution of the electric double layer (EDL)
tive electrode and a carbon electrode with LiClO4 electrolyte in PC. The dotted line

at the electrode/electrolyte interface, (iii) steric repulsions due to
finite ion size, (iv) redox reactions at the pseudocapacitive elec-
trode/electrolyte interface, and (v) insertion and deinsertion of the
reaction product in the pseudocapacitive electrode. Mathemati-
cally, this model consists of the 1D Poisson equation for the local
electrical potential  (x, t) in both electrodes and in the electrolyte
coupled to the time-dependent 1D mass conservation equations for
the ion concentrations c1(x, t) and c2(x, t) in the electrolyte, and for
the concentration of lithium c1,P(x, t) in the pseudocapacitive elec-
trode. Here, ions species i = 1 refers to cations Li+ of valency z1 = 1
while i = 2 refers to anions ClO−

4 of valency z2 = −1 while subscript
“1,P” refers to intercalated lithium. The initial conditions impose
(a) a uniform potential,  (x, 0) = 0 V throughout the device, (b)
uniform bulk concentrations c1(x, 0) = c2(x, 0) = ci,∞ = 1 mol/L in
the electrolyte, and (c) a non-zero uniform lithium concentration
in the pseudocapacitive electrode c1,P(x, 0) = c1,P,0. Finally, in order
to simulate cyclic voltammetry experiments, a triangular potential
waveform was imposed at the current collector of the pseudoca-
pacitive electrode with a potential window between  min and  max

with respect to the carbon electrode treated as grounded. The ion
fluxes vanished at the electrode surfaces except for the reacting
species at the pseudocapacitive electrode/electrolyte interface. The
rate of the faradaic reaction at this interface was governed by the
Frumkin-Butler-Volmer equation [37].

2.3. Dimensional Analysis

2.3.1. Dimensionless Variables
Based on our previous studies [40,35], the following scaling

parameters were used to scale the governing equations for the
potential  (x, t), the ion concentrations ci(x, t), and the concen-
tration of intercalated lithium in the pseudocapacitive electrode
c1,P(x, t) as well as the associated boundary and initial conditions

x∗ = x

�D
, t∗ = t

�2
D/D1

,  ∗ =  (x, t)
RuT/z1F

,  c∗i = ci(x, t)
c1,∞

, and

c∗1,P = c1,P(x, t)
c1,P,max

(2)

where �D is the Debye length for binary and asymmetric elec-
trolytes defined as [36]
�D =

√√√√�0�rRuT/F2

2∑
i=1

z2
i
ci,∞. (3)
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It represents an estimate of the electric double layer thickness
41]. The time t was scaled by the timescale for ion diffusion across
he EDL given by 
d = �2

D/D1 where D1 is the diffusion coefficient of
he cation Li+ in the electrolyte. The potential  (x, t) was scaled by
he thermal potential 
th = RuT/z1F representing the electric poten-
ial at which the electrical potential energy of one mole of Li+ ions is
qual to its thermal energy RuT. Ru = 8.3145 J / mol  K is the universal
as constant and F = 96 485 s A/mol is the Faraday constant. The ion
oncentrations ci(x, t) were scaled by the bulk concentration c1,∞
f Li+ in the electrolyte. The lithium concentration in the pseudo-
apacitive electrode c1,P(x, t) was scaled by the maximum lithium
oncentration c1,P,max corresponding to the fully intercalated metal
xide electrode.

.3.2. Dimensionless Governing Equations
The Poisson equations governing the electric potential in the

seudocapactive and carbon electrodes assuming constant elec-
rical conductivities, respectively denoted by 	P and 	C, can be
xpressed in dimensionless form as

∂
∂x∗

(
	∗
P
∂ ∗

∂x∗

)
= 0 for − (L∗ + L∗P) ≤ x∗ < −L∗ (4)

∂
∂x∗

(
	∗
C

∂ ∗

∂x∗

)
= 0 for L∗ < x∗ ≤ L∗ + L∗C (5)

here the dimensionless electrode conductivities are given by

∗
P/C = [	P/C ( max −  min)/LP/C ]/(Fz1c1,∞D1/L)  (6)

here subscript P and C refers to the pseudocapacitive and to the
arbon electrode, respectively. They represent the ratios of the
haracteristic electric current density in the pseudocapacitive or
arbon electrode to the ionic current density in the electrolyte.
ere, L* = L/�D represents the dimensionless electrolyte thickness
hile L∗P = LP/�D and L∗C = LC/�D are the dimensionless pseudoca-
acitive and carbon electrode thicknesses, respectively.

Similarly, the mass conservation equation in the pseudocapaci-
ive electrode was non-dimensionalized as

∂c∗1,P
∂t∗

= ∂
∂x∗

(
D∗

1,P

∂c∗1,P
∂x∗

)
for − (L∗ + L∗P) ≤ x∗ ≤ −L∗ (7)

here D∗
1,P = D1,P/D1 is the ratio of lithium atom diffusion coeffi-

ient in the pseudocapacitive electrode D1,P to that of Li+ ions in the
lectrolyte D1.

Moreover, the GMPNP model in the diffuse layer of the binary
nd asymmetric electrolyte, between −L* + H* and L* − H*, has
lready been written in dimensionless form as [35]

ere, H∗ = H/�D = a∗
2/2 where a∗

2 = a2/�D is the effective ion
iameter a2 of the largest ion (ClO−

4 with i = 2) scaled by the Debye
ength �D. Additionally, z∗

i
= zi/z1 is the ratio of the valency of the

on considered to that of the cation Li+ (i = 1). The dimensionless
ass flux N∗

i
of ion species i was given by [35]

∗
i (x∗, t∗) = −D∗

i

∂c∗
i

∂x∗ −D∗
i z

∗
i c

∗
i

∂ ∗

∂x∗ − D∗
i
c∗
i

2−∑2
j=1�pjc

∗
j

∂
∂x∗

⎛
⎝ 2∑

j=1

�pjc
∗
j

⎞
⎠

for i = 1or2 (9)

here D∗
i

= Di/D1 is the ratio of the diffusion coefficient of the
on species i and that of the cation Li+. Here, the packing param-
ter for ion species i is also a dimensionless number defined as
 Acta 182 (2015) 639–651

�pi = 2ci,∞/ci,max. It represents the ratio of the total bulk ion concen-
tration to the maximum ion concentration ci,max = 1/a3

i
NA assuming

a simple cubic packing of ions of diameter ai [42].

2.3.3. Dimensionless Initial and Boundary Conditions
The initial dimensionless electric potential was  uniformly zero

across the device, i.e.,

 ∗(x∗, 0) = 0 for − L∗ − L∗P ≤ x∗ ≤ L∗ + L∗C (10)

The initial dimensionless concentration of lithium was  uniform
in the pseudocapacitive electrode such that

c∗1,P(x∗, 0) = c∗1,P,0 = c1,P,0/c1,P,max for − L∗ − L∗P ≤ x∗ ≤ −L∗ (11)

where c1,P,0 is the concentration of Li+ initially intercalated in the
pseudocapacitive electrode.

The concentrations of Li+ and ClO−
4 in the electrolyte were also

initially uniform and satisfied electroneutrality so that [35]

c∗1(x∗, 0) = 1, and c∗2(x∗, 0) = − 1/z∗2

for − L∗ + a∗
2/2 ≤ x∗ ≤ L∗ − a∗

2/2. (12)

The dimensionless electric potentials imposed at the current
collector/electrode interfaces were given by [35],

 ∗(L∗ + L∗C, t∗) = 0 and  ∗(−L∗ − L∗P, t∗) =  ∗
s (t

∗) (13)

where  ∗
s (t

∗) is the dimensionless surface potential. For cyclic
voltammetry, it is given by [35]

 ∗
s (t

∗) =
{
 ∗

max − v∗[t∗ − (nC − 1)
∗
CV

] for (nC − 1)
∗
CV

≤ t∗ ≤ (nC − 1/2)
∗
CV

 ∗
min

+ v∗[t∗ − (nC − 1/2)
∗
CV

] for (nC − 1/2)
∗
CV

≤ t∗ ≤ nC
∗
CV

(14)

where nC is the cycle number and  ∗
max =  max/(RuT/z1F) and

 ∗
min =  min/(RuT/z1F) are the maximum and minimum dimen-

sionless surface potentials, respectively. Here, the dimensionless
scan rate v∗ = (�2

D/D1)/[(RuT/z1F)/v] can be interpreted as the
ratio of the timescale for ion diffusion across the EDL 
d =
�2
D/D1 and the characteristic time 
th = (RuT/z1F)/v necessary to

reach the thermal potential at scan rate v, i.e., v∗ = 
d/
th [35].
Finally, 
∗

CV = 
CV/
d = ( ∗
max −  ∗

min)/v∗ represents the dimen-
sionless cycle period.

Moreover, the boundary conditions accounting for the Stern
layer at both electrodes can be written in dimensionless form as
[35],

∂ ∗

∂x∗ (L∗ − a∗
2/2, t∗) = 2

a∗
2

[
 ∗(L∗, t∗) −  ∗(L∗ − a∗

2/2, t∗)
]

−∂ 
∗

∂x∗ (−L∗ + a∗
2/2, t∗) = 2

a∗
2

[
 ∗(−L∗, t∗) −  ∗(−L∗ + a∗

2/2, t∗)
]
.

(15)

The boundary conditions ensuring the continuity of the current
density across the pseudocapacitive electrode/electrolyte interface
can be written in dimensionless form as

− 	∗
P

 ∗
max −  ∗

min

L∗P
L∗
∂ ∗

∂x∗ (−L∗, t∗) = j∗C (−L∗ + a∗
2/2, t∗) + j∗F (t∗) (16)
Similarly, across the carbon electrode/electrolyte interface [35]

− 	∗
C

 ∗
max −  ∗

min

L∗C
L∗
∂ ∗

∂x∗ (L∗, t∗) = j∗C (L∗ − a∗
2/2, t∗). (17)
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Here, the capacitive jC(x, t) and faradaic jF(t) current densities
re given by [22]

C (±(L − H), t) = −�0�r
∂2
 

∂x∂t
(±(L − H), t) (18)

F (t) = jF,0(t)[exp
(

(1 − ˛)z1F�
RuT

)
− exp

(−˛z1F�
RuT

)
] (19)

here  ̨ is the transfer coefficient. The surface overpotential
(t) is defined as �(t) = � H(t) − � eq where � H(t) =  (− L,
) −  (− L + H, t) is the electrical potential drop across the Stern layer
ear the pseudocapacitive electrode and � eq is the equilibrium
otential difference associated with the redox reaction [37]. Finally,
he exchange current density jF,0(t) is expressed as [22]

F,0(t) = Fz1k0[c1(−L + H, t)]1−˛[c1,P,max−c1,P(−L, t)]˛[c1,P(−L, t)]˛

(20)

here k0 is the reaction rate constant expressed in m1+3 ˛mol−˛s−1.
Both current densities jC(x, t) and jF(t) can be scaled by a

haracteristic ionic current density Fz1D1c1,∞/�D corresponding to
iffusion of Li+ (i=1) over the characteristic concentration gradient
1,∞/�D to yield the dimensionless current densities

∗
C (x∗, t∗) = jC (t)

Fz1D1c1,∞/�D
and j∗F (t∗) = jF (t)

Fz1D1c1,∞/�D
. (21)

These dimensionless current densities can be expressed as

∗
C (±(L∗ − a∗

2/2), t∗) = −(1 − z∗2)
∂2
 ∗

∂x∗∂t∗
(±(L∗ − a∗

2/2), t∗) (22)

nd j∗F (t∗) = j∗F,0(t∗){exp[(1 − ˛)�∗] − exp[ − ˛�∗]}. (23)

Here, �* is the dimensionless surface overpotential defined
s �∗ = � ∗

H(t∗) − � ∗
eq and the dimensionless exchange current

ensity j∗F,0 can be expressed as

∗
F,0(t∗) = k∗

0c
∗
1,P,maxc

∗
1(−L∗ + H∗, t∗)1−˛[1 − c∗1,P(−L∗, t∗)]˛

× (c∗1,P(−L∗, t∗))˛ (24)

here the dimensionless reaction rate constant is expressed as k∗
0 =

0c
˛
1,∞�D/D1 and can be interpreted as the ratio of the timescale

or ion diffusion across the EDL 
d = �2
D/D1 to the redox reaction

imescale given by 
f = �D/k0c
˛
1,∞.

In addition, the dimensionless mass fluxes of Li+ (i = 1) and ClO−
4

i = 2) at the Stern/diffuse layer interface near the pseudocapacitive
lectrode satisfied

∗
1(−L∗ + a∗

2/2, t∗) = j∗F (t∗) and N∗
2(−L∗ + a∗

2/2, t∗) = 0. (25)

However, at the carbon electrode Stern/diffuse layer interface
oth ion fluxes vanish so that
∗
1(L∗ − a∗

2/2, t∗) = N∗
2(L∗ − a∗

2/2, t∗) = 0. (26)

Overall, the scaling analysis indicates that the dimensionless
overning equations and associated boundary and initial conditions
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are governed by seventeen dimensionless similarity parameters
expressed as

v∗ = �2
D
/D1

(RuT/z1F)/v
,  ∗

min =  min

RuT/z1F
,  ∗

max =  max

RuT/z1F
, L∗ = L

�D
,

a∗
2 = a2

�D
, �p1 = 2a3

1NAc1,∞, �p2 = 2a3
2NAc1,∞, D∗

2 = D2

D1
, z∗2 = z2

z1
,

	∗
P

= 	P ( max −  min)/LP
Fz1c1,∞D1/L

,  	∗
C = 	C ( max −  min)/LC

Fz1c1,∞D1/L
,

L∗
P

= LP
�D
, L∗

C = LC
�D
, D∗

1,P = D1,P

D1
, c∗

1,P,max = c1,P,max

c1,∞
,

k∗
0 =

k0c˛1,∞�D

D1
, and � ∗

eq = � eq
RuT/z1F

.

(27)

Note that v∗,  ∗
min,  ∗

max, L*, a∗
2, �p1, �p2, D∗

2, z∗2, 	∗
P , 	∗

C , L∗P , and
L∗C were identical to those identified in Ref. [35] for CV simula-
tions of electric double layer capacitors with binary and asymmetric
electrolytes. For hybrid supercapacitors with redox reactions and
intercalation in the pseudocapacitive electrode, four additional
dimensionless numbers appear, namely, D∗

1,P , c∗1,P,max, k∗
0, and

� ∗
eq.

2.3.4. Constitutive Relationships
A total of 22 input parameters were needed to solve the dimen-

sional governing Equations (4) to (22) of Ref.[22] including (i) the
electrolyte properties �r, a1, a2, z1, z2, D1, D2, and c1,∞, (ii) the carbon
and pseudocapacitive electrode properties 	C, 	P, c1,P,0 and D1,P, (iii)
the redox reaction parameters ˛, k0, and � eq, (iv) the cell dimen-
sions L, LP, and LC, and (v) the operating conditions T,  max,  min,
and v. In the present study, the values and ranges of the param-
eters were taken from the literature whenever available and are
reported in Table 1. In particular, the electrode parameters LP and
D1,P were taken as variables within a range of reasonable values.
Furthermore, to evaluate the rate behavior of the device, the scan
rate v was  also varied. The transfer coefficient of the redox reaction

 ̨ is generally assumed to be 1/2 corresponding to equal energy
barriers for forward and backward redox reactions [37]. The base-
line case corresponded to Case B of Ref.[22] considering a Nb2O5
pseudocapacitive electrode and a carbon electrode separated by an
electrolyte consisting of LiClO4 salt in organic solvent propylene
carbonate (PC) at 1 M.  Note that we verified that the cell charg-
ing/discharging was  not limited by ion diffusion in the electrolyte
by increasing the diffusion coefficients D1 and D2 of Li+ and ClO−

4 by
a factor of 10 without seeing any change in the predicted potential,
concentrations and currents.

2.3.5. Method of Solution and Data Processing
The dimensional governing Equations (4) to (22) of Ref.[22]

were solved using the commercial finite element solver COMSOL
4.3b run in parallel on 8 cores with 64 GB of RAM. The numerical
convergence was considered to be reached when the maximum
relative difference in the predicted current densities jC and jF at
the Stern/diffuse layer interface near the pseudocapacitive elec-
trode (x = − L + H) was  less than 1% when dividing both the mesh
size and the time step by a factor two. This led to imposing a time
step of �t  ≈ 
CV/1000 = ( max −  min)/1000v. The mesh size was
the smallest at the electrode/electrolyte interface due to the large
potential and concentration gradients and was gradually increased
further from the electrode. The mesh size was specified to be less
than 0.025 nm at the Stern/diffuse layer interface while it was less
than L/50 in the diffuse layer and less than LP/25 and LC/25 in the
electrode domains. The total number of finite elements was about
500 for all cases simulated in the present study.
The instantaneous total current density jT(t) at the pseudocapac-
itive electrode/electrolyte interface was  computed as the sum of the
capacitive and faradaic current densities, i.e., jT(t) = jC(t) + jF(t). CV
curves at a specific scan rate were obtained by plotting jT(t), jC(t),
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Table  1
Electrode and electrolyte properties and dimensions used in the simulations reported in this study.

Parameters Symbol Value Unit Ref.

Temperature T 298 K
Relative permitttivity �r 64.4 [47]
Li+ ion diameter a1 0.67 nm [48]
ClO−

4 ion diameter a2 1.0 nm [48]
Li+ valency z1 1
ClO−

4 valency z2 −1
Li+ diffusion coefficient D1 2.6 × 10−10 m2/s [48]
ClO−

4 diffusion coefficient D2 3.3 × 10−10 m2/s [48]
Stern layer thickness H 0.5 nm [35]
Initial bulk ion concentration c1,∞ = c2,∞ 1 mol/L [33,49,50]
Initial intercalated Li+ concentration c1,P,0 1 to 5 mol/L [51]
Pseudocapacitive electrode conductivity 	P 10−5 S/m [52]
Carbon electrode conductivity 	C 5 S/m [53]
Reaction rate k0 10−7 to 10−13 m2.5mol−0.5s−1 [54–56]
Intercalated Li+ diffusion coefficient D1,P 10−14 to 10−10 m2/s [55]
Half electrolyte thickness L 1 �m
Pseudocapacitive electrode thickness LP 20 to 500 nm [32,57]
Carbon electrode thickness LC 20 to 500 nm
Equilibrium potential difference � eq 0 V [58]
Transfer coefficient  ̨ 1/2
Scan rate v 10−3 to 10 V/s [33,49,50]
Potential window  max −  min 1.6 V [33,49,50]
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nd jF(t) as a function of  s(t). Finally, the areal integral capacitance
f the device Cs,int (in F/cm2) was computed from the total current

T(t) and the imposed potential  s(t) according to [40]

s,int = 1
 max −  min

∮
jT ( s)

2v
d s. (28)

. Results and Discussion

.1. Faradaic Potential Window

Figure 2 shows (a) the capacitive jC(t), faradaic jF(t), and total jT(t)
urrent densities as well as (b) the intercalated Li+ concentration
1,P(− L, t) at the pseudocapacitive electrode/electrolyte interface
s functions of cell potential  s(t) between  min = −0.8 V and  max

 +0.8 V at a scan rate v of 1 V/s. The results were obtained for pseu-
ocapacitive electrode thickness LP = 50 nm and for Li+ diffusion
oefficient D1,P = 10−14 m2/s. Figure 2a demonstrates that the cell
xhibited two distinct regimes. In the lower part of the potential
indow, the faradaic regime prevailed as the faradaic current dom-

nated, i.e., jT(t) ≈ jF(t). In the higher part of the potential window,
he capacitive regime was observed as the capacitive current jC con-
ributed the most to the total current density jT. In the discharging
tep, the transition between the faradaic and capacitive regimes
as caused by the slow outward diffusion of Li+ in the pseudoca-
acitive electrode causing Li+ starvation at the electrode/electrolyte

nterface, as illustrated in Figure 2b. In the charging step, the tran-
ition from capacitive to faradaic regime, marked by a red square,
orresponded to steep increase in the absolute value of the total
urrent density observed on Figure 2a. Note that this transition also
orresponded to the end of the dissolution of the ClO−

4 EDL. Then,
he capacitive current vanished during the entire faradaic regime.

The faradaic potential window, represented by a double arrow
n Figure 2, was defined as � f =  f −  min where  f is the potential
t which Li+ starvation occurs during discharging, as shown by the
nset of the capacitive current (blue circle in Figure 2). Experimen-
ally, it may  be easier to determine the faradaic potential window

y the sharp increase in current density jT(t) in the charging step.
ither definition led to very similar faradaic potential window as
llustrated by the proximity of the red square and blue circle in
igure 2b. More importantly, the magnitude of the total current was

Fig. 2. (a) Capacitive jC(t), faradaic jF(t), and total jT(t) current densities at the pseu-
docapacitive electrode and (b) concentration of intercalated Li+ c1,P(− L, t) in the
pseudocapacitive electrode at the electrode/electrolyte interface as functions of cell
potential  s(t) at scan rate v = 1 V/s for pseudocapacitive electrode thickness LP =
50  nm and Li+ diffusion coefficient in the electrode D1,P = 10−14 m2/s.
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(a)

(b)

Fig. 3. (a) Total current density jT(t) and (b) concentration of intercalated Li+ c1,P(− L,
t)  in the pseudocapacitive electrode at the electrode/electrolyte interface as func-
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ions of imposed cell potential  s(t) at scan rate v = 1 V/s for pseudocapacitive
lectrode thickness LP ranging from 50 to 500 nm with a relatively small diffusion
oefficient of Li+ in the electrode D1,P = 10−14 m2/s.

ignificantly smaller in the capacitive regime than in the faradaic
egime. This stresses the need for widening the faradaic poten-
ial window by delaying or eliminating Li+ starvation. In addition,
liminating Li+ starvation would eliminate the transition from the
aradaic to the capacitive regime. This would eliminate the dip in b-
alue caused by the transition and improve high rate performance
22].

.2. Effect of the Pseudocapacitive Electrode Thickness

Figure 3 shows (a) the total current density jT and (b) the
ntercalated Li+ concentration c1,P(− L, t) at the pseudocapacitive
lectrode/electrolyte interface as functions of the cell potential
s(t) for pseudocapacitive electrode thickness ranging from LP =
0 to 500 nm in the case of a relatively small Li+ diffusion coeffi-
ient D1,P = 10−14 m2/s. Here also, the scan rate was 1 V/s. Figure 3a
ndicates that thinner electrodes resulted in larger current densities
nd larger capacitances. In fact, the device with a pseudocapacitive
lectrode of thickness LP = 50 nm had an areal integral capacitance
s,int of 40 �F/cm2. This was almost twice as large as that with elec-

2
rode thickness LP = 500 nm found to be Cs,int = 25 �F/cm . Figure 3a
lso illustrates that the CV curves exhibited similar peaks for all
hicknesses considered. The most prominent peak was observed
uring charging and indicated the onset of the faradaic charging as
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indicated in Figure 3b by the sharp rise in c1,P(− L, t) as Li+ started
intercalating in the electrode. This peak was found to shift toward
larger potentials from  s = −0.3 V to  s = +0.1 V as the pseudocapac-
itive electrode thickness decreased. Similarly, the hump in the dis-
charging current also shifted from lower to higher potentials as the
electrode thickness decreased. In other words, the faradaic poten-
tial window � f widened as the electrode thickness LP decreased.

Figure 3b indicates that thinner electrodes led to larger maxi-
mum  concentration of intercalated Li+ at the electrode surface at
the end of the charging step. This was  due to (i) the wider fraction
of the potential window dominated by faradaic reactions, (ii) the
large faradaic current density, and (iii) the smaller electrode vol-
ume in which Li+ ions could intercalate. Thicker electrodes provided
more volume for Li+ insertion but suffered from a narrower faradaic
potential window and a smaller current magnitude. Figure 3b also
features hysteresis in the concentration c1,P(− L, t) suggesting that
charging and discharging were limited by slow Li+ intercalation
caused by the relatively small value of D1,P. Note that, in all cases,
the Li+ concentration c1,P remained significantly smaller than its
theoretical maximum of c1,P,max = 37 mol/L, corresponding the the
fully intercalated electrode.

Overall, this section has demonstrated that, in the case of hybrid
pseudocapacitors limited by Li+ intercalation in the pseudocapac-
itive electrode, a thinner electrode led to larger faradaic potential
window. In turn, this led to larger current densities and overall
larger areal capacitance by delaying the Li+ starvation during the
discharging step.

3.3. Effect of the Intercalated Li+ Diffusion Coefficient

Figure 4 shows (a) the total current density jT as well as (b)
the Li+ concentration c1,P(− L, t) at the pseudocapacitive elec-
trode/electrolyte interface as functions of cell potential  s(t) at a
scan rate v of 1 V/s for a relatively thick electrode (LP = 500 nm)  and
for intercalated Li+ diffusion coefficients D1,P ranging from 10−14 to
10−11 m2/s. Figure 4a indicates that the current peak observed dur-
ing charging increased in magnitude and shifted from  s = −0.25 V
to  s = 0 V as the diffusion coefficient D1,P increased. Similarly,
the peak observed during discharging also shifted toward higher
potential with increasing diffusion coefficient. This suggests that
the faradaic potential window � f =  f −  min widened and Li+

starvation was  delayed as the diffusion coefficient D1,P increased.
In fact, the device’s areal integral capacitance increased from 25
to 47 �F/cm2 as D1,P increased from 10−14 to 10−11 m2/s. Note that
the maximum Li+ concentration c1,P(− L, t) reached at the end of the
charging step at the electrode/electrolyte interface decreased with
increasing diffusion coefficient D1,P. Furthermore, the CV curves for
relatively large diffusion coefficient D1,P of 10−12 and 10−11 m2/s
were superimposed and the capacitive current was negligibly small
across the entire potential window. Indeed, Figure 4b establishes
that, for these values of D1,P, no starvation of Li+ occurred at the
electrode/electrolyte interface. Instead, the concentration of inter-
calated lithium was uniform in the electrode and increased up to
an oscillatory steady-state with a very narrow hysteresis. Then,
the faradaic process was not diffusion limited, the device operated
only in the faradaic regime, and the faradaic potential window was
maximal, i.e., � f =  max −  min.

3.4. Effect of the Reaction Rate

Figure 5a shows the total current density jT as a function of
imposed cell potential  s(t) for different values of the reaction

rate k0 ranging from 10 to 10 m mol s . Figures 5b to
5d show the capacitive jC, faradaic jF, and total jT current densi-
ties as functions of cell potential  s(t) for reaction rate k0 of (b)
10−7, (c) 10−10, and (d) 10−13 m2.5mol−0.5s−1. In all cases, the scan
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Fig. 4. (a) Total current density jT(t) and (c) concentration of intercalated Li+

c1,P(− L, t) in the pseudocapacitive electrode of thickness LP = 500 nm at the elec-
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0.8 V, and z1 = −z2 = 1. Similarly, the ion diffusion coefficients in the
rode/electrolyte interface as functions of imposed cell potential  s(t) at scan rate v
 1 V/s for diffusion coefficient D1,P ranging from 10−14 to 10−11 m2/s.

ate was v = 1 V/s and the potential window extended from −0.8 V
o −0.2 V. Figure 5a indicates that for reaction rates larger than
0−9 m2.5mol−0.5s−1 the CV curves were nearly identical. Figure 5b
uggests that the behavior displayed involved a transition between
aradaic and capacitive regimes similar to that discussed previously
Figure 2). This regime transition coincided with the charging peak
n the total current density and was found to occur at the same
otential for all reaction rates larger than 10−9 m2.5mol−0.5s−1. In
ther words, when the cell was not limited by the reaction rate, the
atter had no effect on the CV curves and on the width of the faradaic
otential window. Figure 5c shows that for a smaller reaction rate
0 = 10−10 m2.5mol−0.5s−1, the capacitive current dominated for
he entire potential window and thus no regime transition was
bserved. For even lower reaction rates, Figure 5d shows that the
urrent was exclusively capacitive and the device behaved as an
DLC. Finally, note that Figure 5a indicates that a larger capac-
tance was achieved for k0 = 10−13 m2.5mol−0.5s−1 than for k0 =
0−10 m2.5mol−0.5s−1. In the latter case, the faradaic and capacitive
urrents had opposite signs which led to a smaller total current
ensity.

Overall, this section established that both the pseudocapacitive
lectrode thickness LP and the diffusion coefficient D1,P of interca-

ated Li+ have dramatic effects on the CV curves and on the faradaic
otential window. The reaction rate constant k0 was  found to have

 small effect on charge storage in the device for a reasonably
 Acta 182 (2015) 639–651

large value. The interplay between the pseudocapacitve electrode
parameters LP and D1,P and their respective effects on the faradaic
potential window can be further studied and quantified by per-
forming a scaling analysis. Such analysis considered a sufficiently
large reaction rate k0 so that it was not limiting.

4. Scaling

4.1. Validation of the Scaling

In order to demonstrate the validity of the scaling described
in the Analysis section, four different cases were considered with
various electrode and electrolyte properties and cell dimensions.
Table 2 summarizes the different values of the input parameters
of Cases 1 through 4. However, these four cases featured identical
dimensionless numbers governing the problem namely v∗ = 1.13 ×
10−8,  ∗

max = 31.2,  ∗
min = 7.79, L* = 3641.5, a∗

2 = 3.65, �p,1 = 1.21,
�p,2 = 0.36, D∗

2 = 1.27, z∗2 = −1, 	∗
P = 0.165, 	∗

C = 0.165, L∗P = L∗C =
36, 415, D∗

1,P = 3.8 × 10−5, c∗1,P,max = 32.9, k∗
0 = 3.34 × 10−8, and

� ∗
eq = 0. Figures 6a and 6b respectively show the predicted capac-

itive and faradaic current densities jC and jF as functions of surface
potential  s for these four cases. They indicate that capacitive and
faradaic current densities jC and jF varied significantly among these
four cases due to the large difference in input parameters. However,
Figures 6d and 6e plot the corresponding dimensionless current
densities j∗C and j∗F versus  ∗

s as defined in Equations (21) and (22),
respectively. They demonstrate that the dimensionless CV curves
overlapped for all four cases considered.

Similarly, Figure 6c shows the predicted Li+ concentration in
the pseudocapacitive electrode at the electrode/electrolyte inter-
face, c1,P(− L, t) as a function of potential  s for the four cases
considered. Again, the plots differed significantly both in terms of
magnitude and shape. However, Figure 6f plots the dimensionless
concentration of Li+ in the pseudocapacitive electrode at the elec-
trode/electrolyte interface c∗1,P(−L, t) as a function of dimensionless
potential  ∗

s . It indicates that the dimensionless plots overlapped
for the four cases considered. These results establish that the gov-
erning equations and boundary and initial conditions were properly
scaled and that the dimensionless CV curves are uniquely deter-
mined by the 17 similarity parameters given by Equations (27).

4.2. Scaling of Faradaic Potential Window

The faradaic potential window � f was previously shown to
be a good indicator of the performance of the hybrid pseudoca-
pacitor simulated. Ideally, a device should operate exclusively in
the faradaic regime to achieve large energy and power densities, as
discussed previously [22]. However, most actual hybrid pseudoca-
pacitors suffer from Li+ starvation in the course of a typical cycle
[6]. The fraction Rf of the potential window dominated by faradaic
reactions can be defined as

Rf = � f
� s

=  f −  min

 max −  min
(29)

According to scaling analysis, this dimensionless parameter
should be a unique function of the 17 similarity parameters given
by Equations (27). Here, we will limit our study to those parameters
associated with the faradaic reaction and with the intercalation of
Li+ to obtain design guidelines for the pseudocapacitive electrode.
For the sake of simplicity, the width of the potential window and the
ion valencies were kept constant and equal to  min = −0.8 V,  max =
electrolyte were those reported in Table 1. They were large enough
that the device operated in the ion diffusion-independent regime,
at the scan rates considered. In other words, favorable yet realistic
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ig. 5. (a) Total current density jT as a function of cell potential  s(t) at the pseudoc
F , and total jT current densities as functions of cell potential  s(t) at the pseudocap

2.5mol−0.5s−1.

alues of the parameters associated with the choice of the elec-
rolyte were considered. The maximum concentration of Li+ in the

lectrode c1,P,max, the equilibrium potential � eq, and the reaction
ate k0 were also kept constant. First, the maximum intercalated Li+

oncentration c1,P,max was never reached in any of our simulations.

able 2
arameters used in CV simulations reported in Figure 6 with � eq = 0 V and z1 = − z2 = 1 

n  Equation (27) were identical and equal to v∗ = 1.13 × 10−8,  ∗
max = 31.2,  ∗

min
= 7.79, 

∗
P

= L∗
C

= 36415, D∗
1,P = 3.8 × 10−5, k∗

0 = 3.34 × 10−8, and � ∗
eq = 0.

Parameters Case 1 Ca

v (V/s) 1 0
 max (V) 0.8 0
 min (V) 0.2 0
T  (K) 298 2
a1 (nm) 0.67 0
a2 (nm) 1.0 1
D1 (m2/s) 2.6 × 10−10 2.6 ×
D2 (m2/s) 3.3 × 10−10 3.3 ×
c1,∞ (mol/L) 1.0 1
�r 78.5 7
L  (�m) 1.0 1
�P (S/m) 0.069 0.0
�C (S/m) 5 

LP = LC (�m)  10 1
D1, P (m2/s) 10−14 10
c1, P, max (mol/L) 32.9 3
k0 (m2.5mol−0.5s−1) 10−9 10
tive electrode for five different values of the reaction rate k0. Capacitive jC , faradaic
e electrode for reaction rate constant k0 equals to (b) 10−7,  (c) 10−10, and (d) 10−13

In addition, the equilibrium potential � eq was found to have a
negligible effect on the behavior of the device [22]. Finally, the reac-

tion rate constant k0 was found to only affect the shape and magni-
tude of the faradaic current but not the faradaic potential window.
Therefore, only the dimensionless parameters L∗P , D∗

1,P , and v∗ were

for all cases considered. In these four cases, the dimensionless numbers identified
L* = 3641.5, a∗

2 = 3.65, �p,1 = 1.21, �p,2 = 0.36, D∗
2 = 1.27, z∗2 = −1, 	∗

P
= 0.16, 	∗

C
= 12,

se 2 Case 3 Case 4

.1 0.215 0.0091

.8 0.8 0.6

.2 0.2 0.15
98 298 223.5
.67 1.44 1.92
.0 2.16 2.88

 10−11 2.6 × 10−10 2.6 × 10−11

 10−11 3.3 × 10−10 3.3 × 10−11

.0 0.1 0.042
8.5 36.4 36.4
.0 2.15 2.87
069 0.0069 3.88 × 10−4

5 5 5
0 21.5 28.7
−15 10−14 10−15

2.9 3.29 1.39
−10 1.47 × 10−9 1.69 × 10−10
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F
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1,P as functions of dimensionless imposed potential

nvestigated. Their respective ranges were based on realistic values
f the associated dimensional variables. The dimensionless elec-
rode thickness L∗P ranged from 36 to 2.9 × 103, while the dimen-
ionless scan rate ranged from 1.1 × 10−11 to 1.1 × 10−8, and the

imensionless Li+ diffusion coefficient ranged from 3.8 × 10−5 to
.9 × 10−1. The latter corresponded to differences in diffusion coef-
cient D1,P between crystalline and amorphous or among eligible
etal oxide materials. All the other dimensionless parameters were
 of imposed potential  s along with the corresponding dimensionless currents (d)
r cases 1 through 4 summarized in Table 2.

kept constant with the following values: a∗
2 = 3.63, z∗2 = −1,  ∗

max

= 31.2,  ∗
min = −31.2, L* = 3.63 × 103, �P1 = 3.62 × 10−1, �P2 = 1.20,

D∗
2 = 1.27, c∗1,P,max = 32.9, k∗

0 = 3.35 × 10−7, and � ∗
eq = 0.

Figure 7a shows the faradaic fraction Rf as a function of

dimensionless pseudocapacitive electrode thickness L∗P for dif-
ferent values of dimensionless Li+ diffusion coefficient D∗

1,P and
dimensionless scan rate v∗. For each set of (D∗

1,P , v∗), the solid line
represents a power law fitting Rf to L∗P according to Rf ∝ (L∗p)

−1/2.
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apacitive electrode D∗
1,P . (b) Rf (L∗

P
)1/2 as a function of the dimensionless Li+ diffusi

aradaic fraction Rf as a function of dimensionless parameter �f defined in Equatio

his is consistent with previous results (Figure 3) indicating that
he faradaic potential window narrowed as the electrode thickness
ncreased.

Figure 7b shows the dimensionless number Rf (L∗P)1/2 as a
unction of dimensionless Li+ diffusion coefficient D∗

1,P in the pseu-
ocapacitive electrode for different values of L∗P and v∗. Cases with

dentical dimensionless scan rate v∗ but different L∗P aligned along

he same line according to the power law Rf (L∗P)1/2 ∝ (D∗
1,P)1/4. This

onfirms that the effect of the electrode thickness was  captured by
he power law obtained from Figure 7a. Note that the faradaic frac-
ion Rf was unity for larger diffusion coefficients. In these cases, the
urrent was exclusively faradaic and there was no Li+ starvation, as
eported in Section 3.3.

Figure 7c shows the dimensionless number Rf (L∗P)1/2 (D∗
1,P)−1/4

s a function of dimensionless scan rate v∗ for different values D∗
1,P

nd L∗P . All the cases aligned along a single line according to the

ower law Rf (L∗P)1/2 (D∗
1,P)−1/4 ∝ (v∗)−1/5. This confirms that the

ffects of the electrode thickness and diffusion coefficient were
orrectly captured by the previous scaling.

Finally, Figure 7d shows the faradaic fractionn Rf as a function
f the dimensionless parameter �f capturing the combined effects

∗ ∗ ∗
f LP , D1,P , and v and defined as

f =
(D∗

1,P)1/4

(L∗p)
1/2(v∗)1/5

=
(

d

d,P

)1/4(

th

d

)1/5
. (30)
ifferent values of the dimensionless diffusion coefficient of Li inside the pseudo-

fficient D∗
1,P . (c) Rf (L∗

P
)1/2 (D∗

1,P )−1/4 as a function of dimensionless scan rate v∗ . (d)
.

�f can be interpreted as the product of the ratios of (i) the char-
acteristic time for Li+ ion diffusion across the EDL, defined as

d = �2

D/D1, and the characteristic time for Li+ intercalation in the
pseudocapacitive electrode defined as 
d,P = L2

P/D1,P , and of (ii) the
characteristic time for reaching the thermal potential RuT/z1F at
scan rate v defined as 
th = (RuT/z1F)/v and 
d. Figure 7d features an
intercalation-controlled regime and an intercalation-independent
regime with a sharp transition at �f = 0.2. In the intercalation-
controlled regime, the faradaic fraction Rf was  linearly proportional
to �f according to Rf = 2.36 �f for �f < 0.2. In the intercalation-
independent regime, the entire potential window was dominated
by the faradaic current and Rf was unity.

In practice, hybrid pseudocapacitors should operate in the
intercalation-independent regime and the pseudocapacitive elec-
trode should satisfy the design criterion �f > 0.2. This criterion
can be achieved by reducing the scan rate or charging rate so that
Li+ intercalation has the time to respond to changes in surface
potential. This is equivalent to reducing power to maximize energy
density. Alternatively, the pseudocapacitive electrode thickness
can be reduced to compensate for slow Li+ intercalation and to
delay Li+ starvation. This would correspond to reducing energy
density to achieve maximum power. The most desirable solution is

to select a pseudocapacitive material with fast Li+ intercalation to
enable the use of large electrode thickness and thus achieve both
large power and energy densities. This can be obtained with crys-
talline structures providing fast diffusion pathways in the electrode
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aterial [43]. Actual electrodes are porous with sometimes a con-
uctive scaffold supporting the redox active materials [5]. The
bove design criterion can be applied using effective properties
o reflect the porosity and 3D morphology of actual electrodes.
imilarly, the presence of a conductive scaffold would have to
e taken into account with an effective electrical conductivity.
he presence of phase transition in the electrode material may
ead experimentally to additional peaks being observed in the CV
urves. Materials exhibiting a phase transition upon Li+ insertion
re not however considered good pseudocapacitive materials [39].
n addition, nanostructuration of transition metal oxide tends to
uppress the phase transition upon lithiation [44–46]. Therefore,
hey were excluded from the object of this study.

. Conclusion

This paper presented the dimensional analysis of a continuum
odel simulating hybrid pseudocapacitors accounting simulta-

eously for (i) charge transport in the electrodes and electrolyte,
ii) formation of an EDL at the electrode/electrolyte interfaces, (iii)
teric repulsion due to finite ion size, (iv) redox reactions at the
seudocapacitive electrode/electrolyte interface, and (v) interca-

ation of the reaction product in the pseudocapacitive electrode.
 parametric study was conducted to identify the role of the
seudocapacitive electrode thickness, Li+ diffusion coefficient, and
eaction rate constant on the CV curves of the device for different
can rates. Two regimes were identified: a faradaic regime dom-
nated by redox reactions and Li+ intercalation and a capacitive
egime dominated by EDL formation. The faradaic regime exhib-
ted the largest current density. The transition from the faradaic to
he capacitive regime observed in most cases was caused by the
tarvation of Li+ at the electrode/electrolyte interface. The fraction
f the potential window dominated by faradaic reactions was  found
o be a good indicator of the total capacitance of the hybrid pseu-
ocapacitor. It increased with increasing diffusion coefficient of Li+

n the pseudocapacitive electrode and with decreasing electrode
hickness and scan rate. The scaling analysis led to a dimensionless
arameter �f, defined in Equation (30), relating these parameters
o the faradaic fraction. It also established that for �f > 0.2, the
ntire potential window was dominated by the faradaic current
nd the device operated in an intercalation-independent regime.
his design criterion can be used to optimize the pseudocapacitive
lectrode in hybrid pseudocapacitors.
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